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Abstract-A thin cylindrical elastic tube, reinforced on the outer surface by a two parameter
family of inextensible cords, is deformed in such a way that the inner surface assumes a given
shape. A previous solution for this problem, valid only when the curvature of the deformed inner
surface is continuous everywhere, is extended to the more general case where the curvature
possesses discontinuities. The method of matched asymptotic expansions is used to construct
the solution in the neighborhood of a discontinuity, and to join it smoothly with the earlier
solution, which is shown to remain valid away from the discontinuity.

The deformation described here occurs, for example, when a reinforced elastic tube is
deformed due to an enclosed rigid mold or mandrel and an applied external pressure.

1. INTRODUCTION

The mathematical theory of finite elasticity is well established and several exact solutions to
the governing equations have been obtained which describe a variety of deformations.t
However, because the equations are highly non-linear, the number of such solutions is
small, and remains so even with the simplifications which result from the assumption of a
particular strain energy function, such as the Mooney-Rivlin[3, 4] or the neo-Hookean[5]
form. Furthermore, exact solutions can usually be found only when the symmetry of the
deformation is such that the equations can be reduced to a suitable form. Therefore, while
these solutions are of great importance to the general theory, it cannot be expected that
such solutions can be obtained for a problem which arises in practice. For this reason con
siderable effort has been devoted to the development of numerical and approximation
techniques. Although the approximation techniques used so far assume a variety of forms,
such as small deformations superposed on large deformations[6], perturbations of the strain
energy function[7, 8], successive approximations [I, 2], or expansions in terms of a geometri
cal parameter[9], they are essentially similar in that they are in general all regular perturba
tion expansions. In this paper a singular perturbation technique is used to obtain the solution
to a problem which has been previously solved for a restricted case by the use of regular
perturbations[IO].

The problem discussed here generalizes an earlier study of cylindrical deformations of an
infinitely long elastic tube initially of circular cross section with inner radius '1 and uniform
thickness ho . The tube is reinforced on its outside surface by a two parameter family of
inextensible cords making constant angles ± IX with the generators of the surface. It is

t See for example [1, 21.
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deformed under the action of a uniform pressure p* on its outer surface and normal com
pressive surface forces on its inner surface in such a way that the cross section of the inner
surface becomes a given closed curve c. The deformation can be realized physically by
inserting a frictionless, rigid mold of given cross section into a circular cylindrical tube and
applying a uniform external pressure.

A cross section of the deformed and undeformed configurations is shown in Fig. 1.

y

(0) Undeformed

y

(b) Deformed

x

Fig. I. Cross section of the cylinder.
(a) undeformed (b) deformed.

It was found that the solution at any point in the deformed body depends on the curva
ture of the inner surface at that point. If the curvature K is discontinuous at a point, the
solution obtained in[10] is also discontinuous at that point and the regular perturbation
method cannot be applied. The case of a discontinuous curvature is examined in this paper.
It is shown that the solution obtained in[lO] still applies away from the point ofdiscontinuity
in K, and a singular perturbation technique is used to develop a solution valid around the
point of discontinuity which matches, away from it, the solution given in[lO].

In Section 2 of this paper the problem is formulated and the solution for continuous
curvature is summarized. This section is considerably abbreviated and the reader is referred
to[lO] for the details and further discussion.

The asymptotic expansion for the solution near a discontinuity is obtained in Section 3
and equations and boundary conditions which determine the deformation in this region are
derived. It is shown in Section 4 that the problem reduces to the solution of the biharmonic
equation on an infinite strip if there is no extension of the tube in the axial direction. This
problem is solved by means of an eigenvalue expansion. The case where the tube is extended
in the axial direction is solved in Section 5.

2. FORMULATION OF THE PROBLEM

Let (x, y, z) denote an orthogonal Cartesian coordinate system with the z-axis coinciding
with the axis of the undeformed cylinder and (r, 8, z) denote the corresponding cylindrical
coordinate system with x = r cos 8, y = r sin 8, z = z. A point in the undeformed body with
cylindrical coordinates (r1 + ho t, 0, z) is displaced under the deformation to the point with
Cartesian coordinates (rlX(t, 8), r1 Yet, ()), lz) where the functions X(t, 0), Yet, 0) and the
constant extension ratio I are to be determined.

For an elastic, incompressible, homogeneous and isotropic material possessing a strain
energy function of the neo-Hookean formt W = C(11 - 3) suggested by Rivlin[5], the

t Since the deformations considered are plane, the analysis is also valid. wilh minor modifications, for the
more general Mooney-Rivlin material.
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governing equations are

/(Xt Yo - Xo Yt) = e(l + 81)

(l + et)2(XO Xtt + Yo Ytt ) + e(l + et)(Xt Xo + Yt Yo)

+ e2(XoXoo + Yo Yoo) + e2(l + et)2Qo ~ ° (2.1)

(l + et)2(Xt Xtt + Yt Ytt) + e(l + 81)(X/ + Y/)

+ e2(Xt Xoo + YtYoo) + e2(l + 81)2 Qt =0,

t = 1

where 2CQ(t, e) denotes the hydrostatic pressure in the material and

e = holrJ •

The boundary conditions are

X~ + Yl = /50 + e)2, t = 1

Xt Xo+ Yt Yo = 0, t = °
3 3 [ 1 ]/o(l + e) /2/6+ Q + P = T(Xoo Yo - Xo Yoo),

1
llo (Xt Xo+ Yt Yo) = eTo,

t = 1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6).

where

X(O, e) = L«s), Y(O, e) = L~(s), Osssl (2.7)

and

T= T*/2Cr l

(2.8)

(2.9)

is the non-dimensional tension per unit length applied across a generator of the reinforcing
material. The non-dimensional applied pressure is defined by P = P*/2C. Equation (2.3)
expresses the inextensibility of the cords, (2.4) the absence of shear forces on the inner
surface, and (2.5), (2.6) the equilibrium of the reinforcing material. Equation (2.7) specifies
the shape of the inner surface in terms of the functions '(s) and ~(s), which satisfy

and

'(0) = AIL, ~(O) = 0, nO)=o

(2.10)

(2.11)

where Ais a non-dimensional constant. The restrictions (2.11) fix the position of the deformed
body.

Details of the derivation of the governing equations (2.1) and the boundary conditions
(2.3-2.7) may be found in[10].

The problem formulated above was solved in[10] by means of a perturbation solution
applicable when e, the ratio of the thickness ho of the undeformed tube to its inside radius
r l , is small compared to unity. The dependent variables X, Y and Q, as well as the
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independent variable e, were expanded in a series in e with coefficients which are functions
of t and a new non-dimensional independent variable ¢ such that e is an increasing
function of ¢ and e= 0 when ¢ = O. The solutions obtained are

X = L(s) + e I.!.- ~'(s) + e2{-h t(t - 2)[110 - K(S)]~'(s) + To t2('(S)K'(S)} + 0(e 3
)

10 2f 10 2L

Y = L~(s) - c: 1:
0

('(s) + e2{272~~ t(t - 2)[110 - K(S)J('(s) + ~~ t2~'(S)K'(S)} + 0(e 3
) (2.12)

1 . {[ I + 1
21'; 2 ]

Q= -P-/215 -ToK(s)+c: f3n K(s)-/ 2n (t-I)

+ Lz K(O) - T1(0)] K(S)} + 0(e
2
)

where
10

S =- ¢
L

and

e = ¢ + <:al(¢) + e2a2(¢) + ...
¢ = e - <:aI(e) + e2[al(e)a~(e) -a2(e)] + ....

The curvature of c is denoted by K(IJ)!rj, where

The a i are given by

L s

a1(¢) = -12 J[K(t) -110 ] dt
10 0

aiep) = To [K'(S) - K'(O)J + 17/3 r'[K2(r) - 3110 K(r) + 2I216] dr.
2Llo 2 0 Jo

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

The tension T(¢) is

T(O)
To [) 0)] 2 2 + 2FI'jj - To 12 16Ulo + 2K(0)] + 2T1(OW /6

T = + e-I K(S - K( + e 14 / 4fo 2 0

(K(S) - K(O)] + 0(e3
)

where T(O) = To + c:T1(0) + e2 TiO) + ... is the value of Tat ¢ = O. Since the cords can
support a load of any order, the tension must be specified arbitrarily at some point, and this
is done by giving T(O). In the remainder of this paper it will be assumed that To = 0, so that
the loading on the cords vanishes as e -+ O. In this case (2.17) is replaced by

(2.18)

Expressions for the stresses and a discussion of these solutions can be found in [10].
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3. THE CASE OF DISCONTINUOUS CURVATURE

The solutions shown in the previous section are discontinuous at those values of ¢ for
which the curvature K of the inner surface is discontinuous. Since it is clear physically that a
discontinuity in the curvature of the prescribed shape of the inner surface cannot produce
jumps in the displacements, stresses, etc. at that point, the expansion must be invalid in the
neighborhood of discontinuities in K. The reason for the breakdown of the solution is that
the expansion used in[lO] is equivalent to the assumption that derivatives with respect to
e are small compared to derivatives with respect to t. However, in the neighborhood of a
discontinuity in K the dependent variables change rapidly along the tube and can no longer be
regarded as small compared to derivatives across the tube. It will be shown that these
solutions still apply for values of e bounded away from any discontinuity in curvature by
constructing a local solution which describes the deformation in the neighborhood of the
discontinuity and provides a smooth transition between the solutions on either side of the
discontinuity.

For simplicity, the coordinate system is chosen so that the discontinuity in curvature
occurs at e= ¢ = 0 and ((0) = ~(O) = nO) = 0 (c.f. (2.11)). In order to obtain a solution
near e= 0 in the limit e -+ 0 new independent variables must be introduced. These variables,
defined by

11 = ele, r = t, (3.1)

(3.2)

have the property that the limit e -+ 0, 11, r fixed, implies e-+ 0, and so are the appropriate
variables to describe the solution in this regiont.

The dependent variables expressed as functions of 11 and r are denoted by

X(r, 11) = X(t, e)}
Y(r, 11) = Y(t, e)
Q(r, 1]) = Q(t, e)

1'(11) = T(e).

In terms of these variables the governing equations take the form

I(Xt Y~ - YtX~) = e2(l + er)

(l + er)2(X~XH + Y., tt) + e(l + er)(XtX~ + t Y~)

+ (X~X~~ + Y~ Y~~) + e2(l + er)2Q~ = 0 (3.3)

(l + er)2(Xt X H+ Yt YH ) + e(l + er)(X; + Y;) + (XtX~~
~<; 2 2~+ Yt I ~~) + e (l + er) Qt = 0

and the boundary conditions are

XtX~+ t Y~=O

X; + y~2 = e21~(l + e)2

l~e3(l + e)3 C;l~ + Q+ p) = 1'(X~~ Y~ - X~ y~~)

d1' 1 ~ ~ ~ <;
e- = - (XtX~ + Yt I~)

dl] llo

X(O, 1]) = L((s), YeO, 11) = L~(s).

r=O

r = I

r = 1

r = I

(3.4)

t The e in (3.1) may be replaced by an arbitrary function /(e) with the property /(e)-+O, e-+O. It is then
found in the course of the analysis that the only possible choice is /(e)=e. For simplicity, this choice is
made at the outset.
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Additional conditions are provided by the requirement that the solution as '1 -+ + 00 or
'1 -+ - 00 must match the solution obtained in [10] as () -+ 0+ or () -+ 0-, respectively.
Therefore, in order to determine these conditions, as well as the nature of the asymptotic
series describing the solution in the transition layer, it is necessary to study the behavior of
the solutions (2.12) as () -+ O. This is done by rewriting these solutions in terms of '1 and T

and expanding the result as a series in e, since, as already pointed out, the limit e -+ 0, '1
fixed, implies () -+ O.

It is necessary, therefore, to determine 1>('1). Combining (2.14)1 and (3.1)1 and expanding
in e yields

2(K~ )1> = e'l - e - - 1 '1
liD

(3.5)

where K6, KOare the limits of K as () -+ 0+ and () -+ 0- respectively, and K6 or Kois used in
(3.5) for '1 > 0 and 1J < 0, respectively. Substituting (3.5) into the solutions (2.12) and
expanding in e gives

x- e-':' + e2{~ (T
2

T) (1 _K~) _Ktl~ lJ2}
liD liD 2 liD 2

Y-dOlJ+e2UK~1JT+10(1- ~:)lJ} (3.6)

Q - - p - l;l~ + e{[I 73:;1
6

Kt - l~~] (T - 1) T1(0)Kt}

where again K;j and Koare used for '1 > 0 and '1 < 0, respectively. Clearly, the leading term
in each of these expressions is the same as '1 -+ 0+ or '1 -+ 0-, the discontinuity appearing
only in terms of e2 or higher in X and Yand in e or higher in Q. From this it follows that
the appropriate expansion for the transition layer is

~. T 2
X(T, '1, e) - e lI

o
+ e U(T, '1) + .

YeT, '1; e) - elolJ + e2 V(T, '1) + .

1
Q(T,lJ;e)- -p 12f2 +eW(-r,IJ)+···

o

and that the matching conditions are

(3.7)

1 (<:2 \ (U-+- - - T) 1
liD 2

+) +12
K.O KO 0 2- --'1
llo 2

2 ] ±121~ (T - 1) - T1(0)Ko

(3.8)

as '1 -+ ± 00, where Kt is used for '1 -+ + 00 and Kofor IJ -+ - 00.



Finite elastic deformations of thin cylindrical tubes by mandrels with discontinuous curvature 1381

Equations for U, Vand Ware obtained by substituting (3.7) into (3.3) and retaining the
leading terms. This gives

I
llo Ut + - V~ = ,

10

10(Vtt + V~~) + W~ = 0

1 1
//0 (Utt + U~~) + (1l0)2 + Wt = O.

(3.9)

The boundary conditions are derived by substituting the expansions (3.7) into (3.4).
Assuming the tension T(r/) can be expanded in the form

the boundary conditions are

(3.10)

1
//0 U~ + 10 Vt = 0

V~ = 10

I~W = ZIU~~

dZ1 = 0
dlJ

dZ2 1 2
dlJ =(1l0)2(U~+lloVt)

U(IJ,O) = -tKt/~1J21J ~ 0,

It follows from (3.14) that

ZI = constant = T1(0).

,=0

, = 1

, = I

, = 1

T = O.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Therefore, the cord tension is constant throughout to first order in e.
Introducing the change of variables

and

(3.17)

(3.18)

it can be seen that equation (3.9)1 implies the existence of a stream function 'P(T, msuch that

(3.19)

Substituting (3.19) into (3.9)2,3 and eliminating W gives an equation for 'P:

(3.20)

lJSS Vol. 10 No. 12-D
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2 1
}. = /10 + 2'

/1 0

Boundary conditions for 'P are obtained from (3.11)-(3.13) and (3.16):

(3.21)

1
III 'P~~ - 'Prt = 0 r=O (3.22)

0

'P~r = -1/}1 r = 1 (3.23)

1
'Pm + /lo'P~~r = T1(0) to 'P~m r = 1 (3.24)

lTJ _ 1 + 10
A2 0 O}T ~ - -];KO Jl17 17 > , r =

(3.25)
_ 1 - 10 2

'P8 - - ];Ko }I ~ 17 < 0, r = 0

where (3.9)2 was used to eliminate W in obtaining (3.24) from (3.13).
The matching conditions (3.8)1,2 can be written in terms of the stream function as

r2~ K~ 1 A ( K~) 1 ± 10 A3

'P - - ""2 10/3/2 - Jl17r 1 - 11
0

-6K O Jl17 (3.26)

for 17 - ± 00. The integration constant which results when (3.26) is obtained from the
expressions for 'P~ and 'Pr (i.e. (3.8)1,2) is zero since there is no transition layer when Kt = K(;

and 'P must reduce to

r2~ Ko 1 A (KO) 10 A3

'P = -""2 10/3/2 - Jl17r 1- /1
0

- iKo }i17

where Ko = Kri = K(; .

Equation (3.20), the boundary conditions (3.22)-(3.25), and the matching condition (3.26)
determine the function 'P, defined on the infinite strip - 00 < ~ < + 00,0 S r S 1. Once 'P
is obtained, Z2 can be found from (3.15) and W can be found from

+ Jl Tl(O)'P~~~1 r=l' (3.27)
10

Equation (3.27) was derived by integrating (3.9h and applying the boundary condition
(3.13).

The stress in the transition layer can also be obtained from these solutions. For example,
~11' the normal stress on a surface r = constant, is given in[lO] as

~11 (l + et)2
2C 12(x~ + y;) + Q.



(3.28)

(4.1)

(4.2)
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Introducing the variables (I], 1") and the expansion (3.7) and expanding the results in 8 shows
that in the transition layer

:Ell {2 2}
2C = - P + e W - 12/g V~ + 12/~ 1" •

4. THE TRANSITION LAYER SOLUTION

In this section the problem for 'I' formulated above will be simplified by introducing two
restrictions. The first is that 1= 1. It then follows from (2.8) that 10 = 1, and from (3.21) that
A = 2, so that equation (3.20) for 'I' becomes the biharmonic equation.t The same result is
obtained under the weaker condition that 1- 1 is of order e. Physically this means that
there is no movement (l = I) or very slight movement (l- 1 = 0(8» in the axial direction.
When 1= 1 the length L of the curve c, the cross section of the inside surface of the deformed
cylinder, is given by L = 2n + e2 f3 where f3 depends on the shape of c and is given in[IO], and
2n is the nondimensional circumference of the undeformed cylinder. When 1- 1 = O(e),
then L - 2n = O(e). Therefore, if the length of the inner surface differs in the undeformed
and deformed states by at most O(e), the transition layer at a discontinuity in curvature is
described by the biharmonic equation.

The second restriction is that T1(0) = O. It has already been pointed out that the tension is
constant to O(e), and that this constant, T1(0), represents an applied load. It is therefore
assumed that any applied load is 0(e 2

), which is the same order as the tension induced in the
cords by the elastic material as a result of the deformation.

Solutions to the biharmonic equation which satisfy the matching conditions at I] = ± 00

and the boundary conditions at 1" = 0, 1 are given by

(
,2 ) 00

'I' = - I] - - 1" K6 - -tl]3 K6 - 1]' + I (ak + I]bk)sin(bk1")e -6k~
2 k=O

for I] ~ 0, and

(
,2 ) 00

'I' = -I] - -, Ko - -tl]3 Ko - 1]' + I (A k + I]Bk)sin(bk,)e6k~
2 k=O

for I] ~ 0, where
n

15k = (2k + 1) 2" . (4.3)

(4.4)

The unknown constants ak' bk, Ak, Bk are determined by matching '1', '¥~, '¥~~ and
'I'~~~, obtained from (4.1) for I] ~ 0 and (4.2) for I] ~ 0, at their common boundary I] = O.
Since 'I' satisfies a fourth order equation in 1], it follows that all higher derivatives in I] will
be continuous at I] = O. These matching conditions give

:Eak sin 15k1" = :EAk sin 15k,

:E(-akbk +bk)sinbk,=:E(Akbk + Bk)sinbk,+ (~ -1")[KO]

:E(ak bi - 2bkbk)sin 15k1" = :E(Ak15; + 2Bkbk)sin 15k1"

:E( - akb~ + 3bkbDsin 15k1" = :E(Ako~ + 3BkoDsin Ok' + [Ko]

t The biharmonic equation is also obtained for values of 1 other than 1= 1, determined by solving the
equation '\=2. The subsequent analysis holds with minor modification for deformations with these particular
values of the extension ratio. These special cases will not be specifically investigated here. In the following
analysis, it is assumed that 1=/0 = I, so that ~=TJ.
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where [KoJ = K; - Ko is the jump in the curvature at q = O. The first and third of these
equations give Ak = ak , Bk - bk and the remaining two equations give

(4.5)

If these results are substituted into (4.4)2 and (4.4)4 the series can be summed, thereby veri
fying the matching conditions.

The displacements U and V are obtained simply by differentiating the stream function and
W is determined from (3.27), which gives for 1'/ > 0

and for q < 0

(f:; 2
W = 2(1' - l)(Ko- 1) - [Ko] I ~2 cos bk1'eOkll.

k=O Uk

(4.6)

(4.7)

It can easily be seen that W is continuous at 1'/ = O. In particular, from either (4.6) or (4.7)

W(O, 1') = (K; + Ko- 2)(1' - I). (4.8)

The tension in the cords, Z2(1J), can be found by substituting the above solution into
(3.15). This gives, for 1'/ :s; 0

Z2= f ('P~~-'PTt)T=odlJ+Z2(-00)
-w

and for 1'/?::: 0

00 (4 2)= - [KoJ I sin c5k ~3 + ~2 IJ e-Ok~ + 2[Ko] + Z2( - (0)
k~O Uk uk

where Zz{O) = [KoJ + Zz{ - (0) was found from (4.9). From (4.10) it follows that

[T] = e2{Z2( + (0) - Z2(- co)} = 2e2[Ko];

(4.9)

(4.10)

(4.11)

that is, the jump in tension, [T], is equal to 2e2 times the jump in the curvature. These
results for Zz{IJ) are shown in Fig. 2.

If the tension at one end of the transition layer is specified (e.g. T( - (0)) the variation in
tension through the layer, and in particular, the total change across the transition layer is
determined. However, while the analysis in[IO] does not describe the tension in the transition
layer, it can be shown from those results that [T] = A[Ko], where A = constant. For the case
considered here (To = ~(O) 0, 1= l), A 2e2

, consistent with the result (4.11).
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2·0

0-4

0·2

-4 -3 -2 -I o

1]

2 3 4

Fig. 2. Variation of cord tension through the transition layer.

The stress LII in the transition layer is found by substituting the solution into (3.28). This
gives

for 11 > 0, and

Lll f 1 d- + P = -e[Ko]211 L - cos <\ re k~
2C k=O 15k

for 11 < 0. At r = 1, Lll /2C = -p + 0(e 2
), and at r = 0

LII n
2C + P = e[Ko]2 11 In tanh nll1l·

This result is illustrated in Fig. 3.

([L[/2C]+PYE [/(0] 0'25

0'20

(4.12)

(4.13)

(4.14)

-1,0 -0,8 -0,6 -0-4

-0'20

-0'25

0·2 0'4 0·6 08 1·0

1]

Fig. 3. Variation of normal stress on the inner surface 7=0.

At r = 0, Lll gives the stress applied to the inner surface of the cylinder. In[IO] it is found
that Lll + P = 0(e 2

) at r = 0 for the case considered here (l = 1, To = TI(O) = 0). Equation
(4.14) shows that this quantity is an order of magnitude larger in the transition layer.
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(4.1 5)

Since the stress 1:II at , = 0 cannot be tensile, (4.14) requires

n
P ~ e[KO] "2 max{'1 ln tanh n I'1/} = 0.194 e[Ko]

which gives a lower bound on the magnitude of P. Physically, if (4.1 5) is not satisfied the
cylinder separates from the enclosed rigid mold which causes the deformation. In particular,
if P = 0, 1:11 < 0 for '1 < 0 and 1:11 > 0 for '1 > 0, so that the cylinder separates for '1 < o.
For this case the boundary condition at, = 0, '1 < 0, which specifies the shape of the inner
surface (i.e. equation 3.25z) is replaced by the condition that 1:II = O. This can be expressed
as

'I'm + 3'1'~~t = 0, ,= 0, '1 < O. (4.16)

(5.1)

The solution to the biharmonic equation with (4.16) replacing (3.25)z is much more compli
cated than the present case and will be discussed in a subsequent paper.

5. SOLUTION FOR FINITE AXIAL EXTENSION

If the axial extension parameter I is not assumed to be near unity, the transition layer is
governed by equation (3.20). Solutions to this equation which satisfy the boundary and
matching conditions (3.22)-(3.26) are (for simplicity the' is eliminated from ~)

(

,Z ) K + n, I 00'II 0 ./ 1 3 + 0 "( - J1k~ b - Vk~)· ~
T = - '1 - -, -:372 - ~ - 6'1 K o ----r + L.. ak e + k e Sill uk'

2 101 JI JI k=O

for '1 ~ 0 and

\1/ (,Z) K0 tI, .1 3 - 10 ~ (A J1k~ B Vk~)· ~ (5 2)
T = -tl - -, -/3 1z -J-- 6t1 K O -,-+ L.. k e + k e SIllUk r .

2 10 I J I k=O

for '7 ~ 0, where

(5.3)

(5.4)

The constants ak , bk , A k , Bk are found by matching '1', 'I'~, 'I'~~ and 'I'~~~ at '1 = 0, which
gives the equations

1:(ak + bk)sin {)k' = 1:(Ak + Bk)sin {)k r

-1:(ak Ilk + bk vk)sin bk r = 1:(Ak Ilk + Bk vk)sin {)k' + 1
0

/3 1ZCZ

-,) [Ko]

1:(ak Ili + bk vi)sin bk , = 1:(Ak11: + Bk vi)sin {)k r

-1:(ak Il~ +bk vDsin bk r = 1:(Ak Il~ + Bk vDsin bk , + I~- [KOJ.
",iI



(5.5)
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The first and third of these equations give Ok = Ak, bk = Bk, and the second and fourth give

[KO] ( 10 r~)
Ak = Ok = 151;r

1
(d - ri) Ji + 1

0
/ 3 / 2

[Ko] ( 10 r i )
Bk = bk = 151r

2
(ri - ri) Jl + 1

0
/ 3 / 2 •

It can be seen from the form of equation (5.1) that the solution obtained in the previous
section for 1= 1 cannot be found from the results of this section by taking the limit 1_ 1.

The cord tension is found by substituting (5.1) into (3.15). This gives, for '7 :::.;; 0,

(5.6)

(5.7)

(5.8)

(5.9)

(5.11)

When '7 = 0, the series in (5.6) can be summed, and it can be shown that

ZAO) = HKo] L6~4 +~} +Z2( - (0).

Substituting this result into (5.7), setting '7 = + 00, and summing the resulting series gives

..{II}
[Z2] = Z2( + (0) - Z2( - ex») = [Ko] 16/4 + fi .

This agrees with the result obtained in[lO] for the jump in cord tension across a discontinuity
in curvature for the case when To = 0, T1(0) = 0, 1 =l= 1.

The stress L ll can be determined from (3.28) and is given by

~~ + P= e{KtCt - l)(f - I;/~) +:fl C:6 + ri) 15t Ake+~k~ cos 15k!

+JiC:6+r~)15tBke+Vk~cOS15k!} (5.10)

where the upper sign applies for '7 ~ °and the lower sign for '7 :::.;; 0. As '7 -. + 00 or '7 -. - 00,

L ll { + (/0 1)}2C +P-.e Ko(t -1) 1-/3/~

which are the values of the stress on either side of the discontinuity, as given in[10].
When '7 = 0, the series in (5.10) can be summed, and the stress, either from the expression

for '7 ~ °or for '7 :::.;; 0, reduces to

Lll;~O) +p=e{t(K6 +Ko)(!-I)(~-/31/~)}'

It can be seen from (5.3)2,3 that r1 and r2 are real if and only if A~ 2, so that solutions of
the form (5.1) are valid only for A > 2, which is assured by (3.21).
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AOCTpaKT - TOHKalI, QHJIHH,lIpH'IeCKalI, yrrpyraJl Tpy6a, yCHJIeHHaJI Ha BHellJHeH rroBepxHocTH
,lIBYX rrapaMeTpH'IeCKHX ceMeHCTBOM HepacTlIlKHMbIX KaHaTOB, ,lIeljJopMHpyeTclI TaKHM 06pa
30M, 'ITO BHyTpeHHalI nOBepXHocTb rrpHHHMaeT 3a,llaHHylO 1jJ0pMy. Ilpe,llbl,llyI.QHe pellJeHHe
:HOH 3a,lla'IH, BalKHoe TOJIbKO, KOr,lla KpHBH3Ha ,lIeljJopMHpoBaHHoH BHyTpeHHoH rroBepXHocTH
HerrpepbIBHa BCer,lla, 0606ll.\eHO K 60JIee 06ll.\eMY cJIy'IalO, ,lIJIlI KOToporo KpHBH3Ha 06JIa,llaeT
pa3pbIBaMH. IlpHMeHlIeTcJl MeTO,ll rrO,l106paHHblx aCHMrrTOMH'IeCKHX pa3JIOlKeHHH c QeJIblO
rrocTpoeHHlI rrellJeHHJI B OKpylKHOCTH pa3pbIBoB H C QeJIblO CBSl3aHHSI ero fJIa,llKO c paHbilIeM
pellJeHHeM, KOTopoe, KaK, yKa3aHo, coxpaHSleT BalKHOCTb ,lIaJIeKO OT pa3pbIBoB.

OrrHcaHHaSl 3,l1eCb ,lIeljJopMaQHSI npOHCXO,llHT Ha rrpHMep, KOr,lla yCHJIeHHaJl yrrpyraJl Tpy6a
,lIeljJopMHpoBaHa BCJIe,llCTBHe 3aKJIIO'IeHHOH lKeCTKO npeccljJopMbI HJIH orrpaBKH H HaXO,llHTCSI
rro,ll BJIHJlHHeM BHellJHerO ,lIaBJIeHHJI.


